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Abstract
A subset A of [n] = {1, . . . , n} is k-separated if, when the elements
of [n] are considered on a circle, between any two elements of A there
are at least k elements of [n] that are not in A. A family A of sets
is intersecting if every two sets in A intersect. We give a short and
simple proof of a remarkable result of Talbot (2003), stating that if
n ≥ (k + 1)r and A is an intersecting family of k-separated r-element
subsets of [n], then |A| ≤
(
n−kr−1
r−1
)
. This bound is best possible.
Let [n] denote the standard n-element set {1, . . . , n}, and let [n](r) denote
the family of r-element subsets of [n]. Let 2[n] denote the family of subsets
of [n], that is, 2[n] =
⋃n
r=0[n]
(r). A family A ⊆ 2[n] is said to be intersecting
if A ∩ B 6= ∅ for every A,B ∈ A.
How large can an intersecting family A ⊆ [n](r) be? If 2r > n, then
any two sets in [n](r) intersect, so A can be [n](r) itself. The case 2r ≤ n is
much more difficult, and the solution is given by one of the most important
theorems in extremal set theory, the Erdo˝s–Ko–Rado Theorem [3].
Theorem 1 (Erdo˝s, Ko, Rado [3]). If n and r are positive integers, n ≥ 2r,
and A is an intersecting subfamily of [n](r), then
|A| ≤
(
n− 1
r − 1
)
,
and equality holds if, for some x ∈ [n], A = {A ∈ [n](r) : x ∈ A}.
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Many new proofs (see, for example, [1, 6, 11, 12]), extensions and gener-
alizations of Theorem 1 have appeared; we refer to [2, 4, 5, 7, 8] for further
details. One way of extending Theorem 1 is by adding restrictions to the
family under consideration. A subset A = {a1, . . . , ar} of [n] is said to be
k-separated if ai+1 > ai + k for each i ∈ [r], where ar+1 = a1 + n. The
family of k-separated r-element subsets of [n] is denoted by [n]
(r)
k . In a re-
markable paper [13], Talbot obtained the following analogue of Theorem 1
for k-separated sets, resolving a conjecture of Holroyd and Johnson [9, 10].
Theorem 2. If n, k and r are positive integers, n ≥ (k + 1)r, and A is an
intersecting subfamily of [n]
(r)
k , then
|A| ≤
(
n− kr − 1
r − 1
)
,
and the upper bound is attained if, for some x ∈ [n], A = {A ∈ [n]
(r)
k : x ∈ A}.
Note that [n]
(r)
k is empty if n < (k + 1)r.
To prove Theorem 2, Talbot introduced a shifting technique which, roughly
speaking, rotates anticlockwise the elements of the sets of the intersecting
family which are distinct from a specified element. The purpose of this note
is to show, rather surprisingly, that there is an even significantly simpler and
shorter proof of Theorem 2.
For clarity of presentation, as in [13], we first consider the case k = 1,
and then we address the general case k ≥ 1 by applying essentially the same
argument.
A 1-separated subset A of [n] is also simply called a separated set. Note
that A is separated if no two elements of A are adjacent. (Phrasing this
differently again, A is separated if it is an independent set of the cycle Cn
whose vertices are labelled 1 to n clockwise.)
Theorem 3. If n and r are positive integers, n ≥ 2r, and A is an intersecting
subfamily of [n]
(r)
1 , then
|A| ≤
(
n− r − 1
r − 1
)
,
and the upper bound is attained if, for some x ∈ [n], A = {A ∈ [n]
(r)
1 : x ∈ A}.
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Proof. We proceed by induction on n. The result is trivial if n ≤ 4 or r = 1.
Suppose n ≥ 5 and r ≥ 2. If n = 2r, then there are only two sets in [n]
(r)
1 , and
these are disjoint. Suppose n ≥ 2r + 1. Let A be an intersecting subfamily
of [n]
(r)
1 .
Let f : [n]
(r)
1 → [n]
(r)
1 be the function such that, for each A ∈ [n]
(r)
1 ,
f(A) = (A\ {n})∪{n−1} if n ∈ A and n−2 6∈ A, and f(A) = A otherwise.
Let
A∗ = {f(A) : A ∈ A} ∪ {A ∈ A : f(A) ∈ A}.
Clearly, |A∗| = |A|. For F ⊆ [n]
(r)
1 and i ∈ [n], let F(i) = {F \ {i} : F ∈
F , i ∈ F}. Let B = {B ∈ A∗ : 1, n− 1 ∈ B}, and let C = B(n− 1) ∪A∗(n).
We claim that C is intersecting. Let A,B ∈ A∗(n). Suppose A ∩ B = ∅.
Then, n − 2 6∈ A or n − 2 6∈ B. We may assume that n − 2 6∈ A. Let
A′ = A ∪ {n − 1} and B′ = B ∪ {n}. By the definition of f , we have
A′, B′ ∈ A. However, we also have A′ ∩ B′ = ∅, which contradicts the
assumption that A is intersecting. Therefore, A∗(n) is intersecting. Since
A is intersecting and each set in A is separated, it easily follows that C is
intersecting, as claimed.
We have C ⊆ [n− 2]
(r−1)
1 . By the induction hypothesis,
|C| ≤
(
n− r − 2
r − 2
)
.
Let A∗n = {A ∈ A
∗ : n ∈ A}, let C∗ = A∗n∪B, and let D = A
∗ \ C∗. Then,
D ⊆ [n − 1]
(r)
1 . Since A is intersecting, D is intersecting. By the induction
hypothesis,
|D| ≤
(
n− r − 2
r − 1
)
.
For each A ∈ A∗(n), A is a separated set, and hence 1 /∈ A. Thus,
|C| = |B(n− 1)|+ |A∗(n)| = |C∗|. We have
|A| = |A∗| = |C∗|+ |D| ≤
(
n− r − 2
r − 2
)
+
(
n− r − 2
r − 1
)
≤
(
n− r − 1
r − 1
)
,
as required.
3
Proof of Theorem 2. We proceed by induction on n. The result is trivial if
n ≤ 4 or r = 1. Suppose n ≥ 5 and r ≥ 2. If n = (k+1)r, then there are only
k+1 sets in [n]
(r)
k , and these are pairwise disjoint. Suppose n ≥ (k+1)r+1.
Let A be an intersecting subfamily of [n]
(r)
k .
Let f : [n]
(r)
k → [n]
(r)
k be the function such that, for each A ∈ [n]
(r)
k ,
f(A) = (A \ {n}) ∪ {n − 1} if n ∈ A and n − k − 1 6∈ A, and f(A) = A
otherwise. Let
A∗ = {f(A) : A ∈ A} ∪ {A ∈ A : f(A) ∈ A}.
Clearly, |A∗| = |A|. For F ⊆ [n]
(r)
k and i ∈ [n], let F(i) = {F \ {i} : F ∈
F , i ∈ F}. For i, j ∈ [n], let A∗i,j = {A ∈ A
∗ : i, j ∈ A}. Let
C = A∗(n) ∪
k⋃
i=1
A∗i,n−k−1+i(n− k − 1 + i).
We claim that C is intersecting. Let A,B ∈ A∗(n). Suppose A ∩ B = ∅.
Then, n−k−1 6∈ A or n−k−1 6∈ B. We may assume that n−k−1 6∈ A. Let
A′ = A∪{n−1} and B′ = B∪{n}. By the definition of f , we have A′, B′ ∈ A.
However, we also have A′ ∩ B′ = ∅, which contradicts the assumption that
A is intersecting. Therefore, A∗(n) is intersecting. Since A is intersecting
and each set in A is k-separated, it easily follows that C is intersecting, as
claimed.
We have C ⊆ [n− k − 1]
(r−1)
k . By the induction hypothesis,
|C| ≤
(
n− k − 1− k(r − 1)− 1
(r − 1)− 1
)
=
(
n− kr − 2
r − 2
)
.
Let A∗n = {A ∈ A
∗ : n ∈ A}, let C∗ = A∗n ∪
⋃k
i=1A
∗
i,n−k−1+i, and let
D = A∗ \ C∗. Then, D ⊆ [n− 1]
(r)
k . Since A is intersecting, D is intersecting.
By the induction hypothesis,
|D| ≤
(
n− kr − 2
r − 1
)
.
For each A ∈ A∗(n), A is k-separated, and hence A ∩ [k] = ∅. Similarly,
for each i ∈ [k] and each A ∈ A∗i,n−k−1+i(n − k − 1 + i), we have j 6∈ A for
each j ∈ [k] \ {i}. Thus,
|C| = |A∗(n)|+
k∑
i=1
|A∗i,n−k−1+i(n− k − 1 + i)| = |C
∗|.
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We have
|A| = |A∗| = |C∗|+ |D| ≤
(
n− kr − 2
r − 2
)
+
(
n− kr − 2
r − 1
)
=
(
n− kr − 1
r − 1
)
,
as required.
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